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Abstract: In this paper a theorem for functions Subject classification codes:
general multiple series is established 33C05

using Dixon’s theorem and Srivastava’s ]

identities. The theorem proved in this I Introduction

paper provides new transformations and
connections with various classes of well
known hyper geometric functions and
even new representations for special
cases of these functions.

Let (a,)denote the sequence of A
parameters given by aq,a,,..,as in the
contracted notations and [(a,)], denote
the product of A Pochhamer symbols

defined by
Keywords:  Hypergeometric  functions;
Srivastava’s triple hypergeometric
Flbam) 1, ifn=0
n
B = 0y = (1.1)

b(b+1).... b+n—-1), ifn=1,23,..

where the notation I denotes the Gamma function.

In 1969, Srivastava and Daoust([7, p. 454], see also [8, p. 37(21, 22)]) gave the following
multivariable hypergeometric function:

n
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where for convenience,

A (a; B, @) B, )
Hj=1(a])m16]_(1)+m+mn9j(n) j=1 (bj )m1¢j(1)-"n]‘=1 (bj )mn¢j(n)

Z(my,...,my) = D . (1.3)
D ) E (1) (P O]
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The coefficients 67, j = 1, .., 4, &, j =
() (€N (k)
1L,.,B% , w® ji—1..p, ¥,

j=1,..,E® for all ke {1,...,n}are zero
and real constants(positive, negative)[8]

In the present paper investigation of general
multiple series identities is done which
extend and generalize the theorems of
Bailey[1], and Pathan[2].The theorem given
in Section 2 will be seen extremely useful
as it provides connections with various
classes of  well-knownhypergeometric
functions and even new representations of
these functions.Some applications of this
theorem are given in Section 3. Also we
deduce special cases in Section 4.

and (bgﬁz)) abbreviates the array of B(

parameters bj(k),jzl,...,B("); for all

ke {1, ..., n} with similar interpretations for
others.

I1. General
Identities

Multiple  Series

Theorem: Let S(i, j, k, p)be the generalized
coefficient of arbitrary complex numbers,
where x, y, z be complex variables and c, f
be arbitrary independent  complex
parameters (where 2f # 0,4+ 2,+ 3, ...) and
any values of numerator and denominator
parameters and variables x, y, z leading to
the results which do not make sense are
tacitly excluded, then

Z S1(610 + 0] + 01k + 030)S, (041 + 0sj + 0,k)S3(06i + Ok + 67p)

i,jk,p=0

X 54(0g) + 09p)Ss (0101 + 010k)S6(611))S7(012P)

9 D (@i (Nr(C)x! y*rzP

iljl k! p!

= Z $1(2010 + 62) + 03p)S2 (2041 + 05])S3(26061 + 07p)S4(0g) + O9p)

i,j,p=0

X §5(26101)S6(011))S7(612p)

D@ (), (F5E) *yiz

2 2/

0

i,j,p=0u=0

iljlpt(c+f);

2.1)

1
= Z S1(264i + 26,) + 0,u + 03p) S, (20,0 + 265/ + 051)S3(204 + 05p)

X 54(203] + Ogu + 09p)S5(26100)S6(2011) + 011u)S7(2012p + 61,w)

2

D (L) (FL) &Iz
X

1+u 2+u
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(2.2)

0 1
= Z Z S,(2604i + 2604 + 0yu +205p+05w)S, (20,0 + 265 + 0w

L,j,p=0uw=0
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(2.3)

. 2 . 2, 2
Dz (N (L) (B2L) &Sy
L 3
X §7(2012p + 61,w) Tru. 2+u. 1+w. 2+w

tulwl (), () (G (Fp(e + i

Proof. Let L denote the L.H.S of equation (2.1) .Then using the series identity [3]i.e. replacing
ibyi—k

o0

0 i
i,j,k,p=0 i,j,p=0 k=0
we may write

L= Z 851(018 + 02) +03p)S2 (048 + 05))S3(06i + 070)S4(0g) + 09p)S5(6101)
i,j,p=0

ik Qi (N (X y'zP
G— )1kl p!

X $6(0:11))57 (Buzp) ) (~D¥
k=0

= Z $1(011 + 03] + 03p) S5 (048 + 05))S3(06i + 070)S4(0g) + O9p)Ss(6101)
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(Ni(c)xly'zP 3F2< —i,f, ¢;1 )

X $6(011))S7(012p) i)l p! 1—f—i,1—c—i

Using Dixon's Theorem [4]in (2.5) we get
L= Z $1(618 + 62 + 03p)S2(041 + 05))S3(06i + 070)S4(6g) + O9p)S5(0101) %
i,j,p=0

(Ni(Q)xlyizp T(A =Y )Ir(A —f—=DI(1—c—DrA -4, —f—c)
P TA=DIA =ty = OrA ==l —i—f—c)

S6(011))S7(012p)

Using the identity[9]:

ZA(L’) = ZA(ZL') + ; AQRi+1)

i=0 i=0
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L= Z $1(264i + 6,] + 030)S,(20,i + 05))S3(204i + 6,p)
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Again applying Srivastava’s identity[9],

o0 1 0
Yap =Y >aei+w
j=0 u=0 j=0
in the equation (2.1)and replacing the gamma functions by Pochhamersymbols, we get
Y 1
L= Z Z $1(26040 + 20, + 0,u + 030)S, (2040 + 205j + O5u)

X S3(206i + 6,0)S,(205] + Ogu + Oop)Ss(20101)Ss(2011] + 0111)S7(612P)

x2]+u3’ Zp (f) (C) (C+f) (%l
(2]+u)!p! il (c+f)

o0

= Z Z $1(204i + 20,j + 0,u + 03p)S, (20,1 + 2605 + O51)
i,j,p=0 u=0

X 53(204i + 07p)S4(20g) + Ogu + O9p) S5 (261¢i)S (2611 + 011w S7(612p)

e (0@ () (F5) x
x 2

2

)jpt(c+ f)i

1+u 2+u
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which is the right-hand side of (2.2).
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Now applying Srivastava's identity[4]

0 1 1 o
PRIHEDY D B@j+u2p+w)
j,p=0 u=0 w=0 Jj,p=0

to(2.1) we get
L= Z $1(264i + 265) + 0,u + 203p + O3w)S, (26040 + 265) + O5u)
i,j,p=0
X S3(2041 + 20,0 + 0,w)S,(20g] + Ogu + 20op + Bow) S5 (20441)

X S6(26011) + 611u)S7(261,p + 61,W)

Wl (DU () (R,

2
2+u 1+w 2+w

ulw!l (c+f)-(— '(—)j(T)p(T)p

which is the right-hand side of (2.3)

I11. Applications of theorems 2.1 — 2.3
3.1.In theorem 2.1 and 2.2 settingf; = 6, = 03 =+ =60,, = 1 and

Sii+j+k+p)=S;(i+k+p)=S,(G+p)=5S,(p)=1,

.. [(@a)]j+i+k [(dD)]Hk . [(ge)lj
S k 'S k) = S, = andz =0
20+ i) = e S+ ) =1 S56U) = 1g,and 2 =0,

we get

@ [(@) = o) = (gedi s fici fi %y, —y
(bB) —; (eg); —: (hy);

_ Xg::g;; gg:f [(%)1 (9¢); A2; ¢+ f),Al2; (dp)]; ¢ f; x'453—/—12)+1 (3.1)
(bB)l (hH); 4 +f:A[2i (95)];

1
Z [(an)]ul(ge)]ux 2A4:2G; 2D +4

X
2B:2H+1; 2E+1;
L )Ll

4(A+6) 2 4_(A+D)y2

[A(2; (aq) +ul:c; f; Al2; (g9g) +ul, A2; ¢+ f),Al2; (dp)]; JBTRTT " prrri

A[2; (bg) + ul: A*[2; 1 +ul,A[2; (hy) +ul; ¢+ f,Al2; (eg) +ul;
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(3.2)

Provided the denominator parameters are neither zero nor negative integers and for
convenience, the symbol A(m; b) abbreviates the array of m parameters given by

b+1 b+2 b+ 1
R ™" where=1,2,3,.

b
m m

The asterisk inA*(N; j + 1)represents the fact that the (denominator) parameter N/N is always
omitted for 0 < j < (N — 1)so the setA*(N; j + 1)contains only N — 1 parameters[9].

3.2. In Theorem 2.3, setting 8, = 6, = 03 = --- = 84, = 1and
d .
Sy(i+j+k)=S:G+k+p)=1,S3 +k) =M,
[(ep)]i+k
[(@a))i+j+r+p
Sl(l +] t k + ) [(bB)]L+]+k+p

[(m M)]]+p ., [(96)]] [(aQ)]p
S, +p) = 0 5 (j) = KOS 5, ) = K9z ang 2=,

we get

(an) = ¢; (dp); (go); () f; (dp); (qo); (mu); & f; vy, x,—y,z

F@&®
(bg); (eg); (hy); (ny); (eg); (rr); (ny);

B ii [@n)urw [amalrw[@0)ul(a0)], 52"
o () lurw [0 () L[R! w!
Al2; (aqg) +u+w] == A[2; (my) +u+wl; — AR ¢+ f),Al20dp)]; o f5 Al2; (g6) + ul;

F(s)[ Al2; (bg) +u+w]:: — A[2; (ny) +u+w]; —c+ f,A[2; (ep)]; A*(2; 1+ uw),

A[Z (qQ)+W] 4A+Dy2 4A+M+Hx2 4_A+M+QZ2
A[Z, (hH)+u], A*(Z, 1 +W)A[2, (TR)+W], 41/2+B+E’ 41+B+N+H '4_1+B+N+R

(3.3)
IV. Special Cases:
i. In(2.1) setting

51(911: + 62] + le + ng) = 53(06" + 06k + 97p) = 54(98_] + 99}9)
= S5(010L + 010k) = S;(012p) = 1
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DU () (F5E) #yiz
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1
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i,jkp=0 R ) ijlk! p!
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iii.  In (2.1) setting
52(94i + 95] + 94k + ng) = SS(GGL + 96k + 97p) = 54(98} + 99p)
= 55(9101' + 910:’() = 1,

[(@a)]i+j+r+p 5.() = [(96)]; 5, (p) = [(dp)]p

Si+i+k _ , = ,
1)+ le+p) [(BB)]i+j+ic+p g [Che)]; [Cep)]p

we get

i [(@n)]i+jricep [(96)]; [(@dD)]p (F)i ()i (N ()i (=) xTy ¥ 2P

i,j,lkp=0 [(bB)]i+j+k+p [(hH)]] [(‘35)];; ll]' k! P'
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i,j,k,p=0
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